Using the so(2, 1) Lie algebra and the Baker, Campbell and Hausdorff formulas, the Green's function for the class of the confluent Natanzon potentials is constructed straightforwardly. The bound state energy spectrum is then determined. Eventually, the three-dimensional harmonic potential, the three-dimensional Coulomb potential and the Morse potential may all be considered as particular cases.
In this paper, we shall want to present an algebraic treatment of the bound state problem for the class of the confluent Natanzon potentials defined by
where ∆ = σ 2 1 −4σ 2 c 0 and g 1 , g 2 , σ 1 , σ 2 , c 0 and η are dimensionless parameters. The function h = h(r) is defined implicitly by the differential equation
where R(r) = σ 2 h 2 + σ 1 h + c 0 .
These potentials, originally introduced by Natanzon, are interesting in the sense that the Schrödinger equation can be reduced to the confluent hypergeometric form and they include, as special cases, the radial harmonic oscillator for σ 2 = c 0 = 0, the radial Coulomb potential for σ 1 = c 0 = 0 and the Morse potential for σ 2 = σ 1 = 0. These confluent Natanzon potentials have been recently the object of several studies. More specifically, Natanzon 1 has obtained, in a Schrödinger equation approach, the discrete energy spectrum, the unnormalized wave functions and has derived the Green's function. Cooper and al 2 have used the supersymmetric quantum mechanics as an algebraic method to discuss these potentials. Furthermore, the spectrum of these potentials has been re-derived by Cordero and Salamó 3 , still in a Schrödinger approach, by making use a particular realization of the so(2, 1) algebraic method which is called spectrum generating algebra (SGA) 4 . Finally, this class of the confluent Natanzon potentials has been solved very recently by Grosche 5 in the framework of a Feynman path integral approach. The Milshtein and Strakhovenko variant (MS) of the so(2, 1) algebraic approach 6 provides an elegant and straightforward way of solving the problem for V (r). As we shall see, this approach consists of constructing the Green's function by expressing the resolvent operator for this system in the form of a linear combination of an appropriate realization of SO(2, 1) generators. This form is then written in the Schwinger's integral representation and the action of the resolvent operator is obtained by means of two Baker, Campbell and Hausdorff formulas.
Let G(r, r ′ ; E) be the Green's function associated to the potentials U(r) = V (r), which is solution of the differential equation
where
is the Hamiltonian of the system and E its energy.
In terms of the function h(r) and by taking into account the relation (2), we can write the resolvent operator H − E as follows:
ǫ. The point canonical transformation ξ = h(r) leads to
Then, the dynamics of the physical system is governed by the new Hamiltonian
and
is the pseudo-energy. To see that one can introduce the three following generators
satisfying the so(2, 1) Lie algebra
it is convenient to perform the change of variable ξ = x 2 and redefine the Green's function as
Under this change the differential equation (7) becomes
with M = 4m. Being a linear combination of the generators T i , the operator H shows, as expected, a dynamical symmetry so(2, 1). By using the Schwinger's integral representation 8 , the solution of the differential equation (14) can be written as follows:
The calculation of this kernel is based upon the use of two Baker, Campbelland Hausdorff formulas
with
It is to be noted that formulas (18) and (20) can be easily checked using the finite representation of so(2, 1) Lie algebra where the T i operators are defined in terms of σ i Pauli matrices
Here, we also have to use the Laplace transform of the Dirac distribution
in order to obtain a manageable result as follows:
Using relations (23), (18) and (20), the kernel (17) can now be written
where formula
has also been used. The integral can be calculated thanks to the residue theorem after the exp
series has been effected. Hence we obtain
and I µ− 
valid for Re p + γ + 
Eventually, by taking into account eqs. (30), (13), (8), (2) and the successive transformations ξ = h(r) = x 2 , the Green's function associated with the confluent Natanzon potentials may be written:
and the bound state energy eigenvalues E n =h 2 2m ǫ n can be obtained from the
in (31),
Upon substitution of (10), (15) and (28) into (32), we see then that
is an equation of fourth degree in ǫ n which can be solved after some simple manipulations 12 . Many particular cases of the potentials (1) arise when some of its parameters vanish. In the following table, we give the interesting ones, namely, the radial harmonic oscillator, the radial Kepler-Coulomb potential and the Morse potential In conclusion, we have shown that the class of confluent Natanzon potentials can be described by a particular realization of the so(2, 1) which enables us to work out the Green's function. The realization of the so(2, 1) algebra used here differs substantially from that of Cordero and Salamó 3 . The discrete spectrum is identical with the results obtained by using either the (SGA) method 3 or the Feynman path integral approach 5 .
